PART TWO'. VISUALlElNG NUMBE’R SYSTEMS

Tee Numge e SysTem
[N = % O, 1) 9.,‘5,_.__% ;S +\«L Sc.“' dc Q.!..Q " NQ“'UY‘"\Q‘{ Vtuw..‘oev-s7 q_,Q,so kvwwv\ as ‘l”\'\'&‘(COUV\“"I'Aa/” NUW. Lerg,

Seue Fimes Zero 5 /Qeq(:*- ouvt. T+ (J.epevas on whe z/ou ask,

Z N z ,__~'S,—Q.~1, 0 . l, 2,3, } :5 "’\I\C SC“' oslq.u “ Im‘('ez,cfs‘“ No'Hce_ “"LC Ma'\'uqu mum\ogrs
ave a schset of the ‘;n+e2,er5. This s s-(-a‘fel S:a,w\ﬂaofn' C*MZ/ lvrg’ WC Z. T+'s ﬂ,»‘ ke a

“ess {’\M\mﬂﬁi}V\ bot reonded ank Used Cor sets.

, 0, L N %,; is the set of a i “Ea.{’\'onqﬁumunLers,
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also Kuown as the " Rationals N These ave the o bers Flaat con he repre sented
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\9'3 an iw‘l’cze‘f ovev aw n‘v»'\'&a&,cv’. This s si—a.{—cé S«zm‘oaﬂ\'cqﬂ.ﬁj ‘07,
Q"’ gﬂ_ TV, w (& zg r:nu:{ ovt LuJ as,“HM_ set og— 4£,Q N over V"‘-,Suc‘/\. Haat nond m ave in-l—ezers_“
m

Notice thaat the .,'w]—edus ave a subset of the V‘od—:'ou\ans. Or, S?I,,»\\DDXICQQ,Q»X, ZcQ.

No bice \/\.ou theve ts an \‘V\Q-'v».‘-l-e number ()I‘" bua.vgs ) V(,pftsun‘f’ a.vv.?, nomber:

1=2. 3—=---,.&_= i: &.:—--
a 3 3 6 9

T\M- rationa Q;S also have tlee slucta\ﬂ ProPeH-»X et wlum \you wrike owe a$ a c[edm Q, it \/ms a nf"‘““'x P-.'H'e.rvv..

1= 1000.., 2. 0.6666...., 25. 1.56250000... , 11} 1.1%191818 .
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A S‘!’av\Aanj wotation to cle.m;+c a repeq+\'na, e]ecimqﬂ s to \au-i— a bar over the ‘r‘c,peuﬁl'nj, sc._'[__uemce_‘,

1% .11%13181%._. = 1.18
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The \rch\Hw& sequence coold be a billiow numbers in a vow Phat dont exhiilbys auey
Pnﬁ'arvx, and Fhewn suAAcV\K»X,‘l'\noul— Sequevce of those billion o bers will stavt over.

R = 2 all Fre vowmbers woirl Zevo Sor Pl ‘.ma:qu‘x P‘-ft; ave t\e ‘lz“al‘l’\umkgf‘s.
These iwnclude Zaur ratiova le and aﬂ& Phe nowabevs Phat dow+ lhave a epea \—inX

These “nonvational” nuow-bers ave called " Tivcakions L.

decimal forvun.
T\f\éy cavwnot be expressed as = Lraction of ivx.-\-ez,efs. Se, +the rea d novakers

are the set of nuwbers o whein gov commbine Fhe wmtionals witrh Fue irvabiownals,
Thus +he rationals are a 20boet of the read numbers. Stated s7mhoﬂ«'c«fﬂj, QRcR,



C = 2 ’)(+"aXii ')(.11 6K§ ave our “ComPLEX" nuwbers. We've scen tlat tlhhe veal
nombers ave o sobset of the complex nuwbers, R C C

Owverall, NcCZcOQcecRcacC

When we Wave several Frems books, bageball cards, ek, we Like to pot them fnto sowe lind

og' ocder 30 we can eas!] g—c‘ml the oue we ave Qoo\dﬂ} Qor} and adeo to wake Yhem look wice.
Twe Reac LinNe

T8¢ e om,QuX had the nedurel nom bers, we could pot thewm in order From Least
o ‘ZV‘&A‘(’€S+ 50 Pt e wold eas) ,QvX ()«wl e one we want or at feast wisvalize

Wow a pavkicodar wadvval number i vellabed 4o afl the ot her natvm wom becs, We
could Jet a dot vepresent emclr vatum § nowmber

We. couQa[ Pu-l’ Yhese dote q.‘fouwj a C,EV‘CQ'&, but that wu‘,]\,\-l— 2,0 L
0,8,

\/Luvf? ouv 9'755 \OC-C“'U5¢ the A.o+s wouﬁé start do O\/&V'/Q-‘L‘F e

owe anotlver ounee ue’A "Kowe, LLM Yhe WG\LX around Fhe cinde. e s __,. *, 15, -

Or we couJZA A‘us+ \Du‘\' hew tn ovder Qram ﬂ,e,(lf{' ‘o r‘iz\nf'_
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M(L‘X%& i’\hevg would ook best 1§ we did $hie qﬂawz o 5er\’g(/v+ Line and e;::uaﬂ:g qucai:

R A

012.34'5'(.4;é ‘.11‘:011 T\/\CA'Qooksc‘-Qo‘{'kDe"H'eV-
SO, we \r\a,vv_ a \wice AoH‘t_c& Q,{w \at %/oes -‘\—avevcr » Hne_ n'z,(/\-l— Q-V‘LA Procl.‘w_g o 7004

\/Csu«/Q \repmsaw\nHom of the m-\-u\raQ nombers |

TE we extend +Hais ides o +hg M\—ez,evs we ?d- a dotted Line Phet s hoice as ﬁanz.
T fhew ts an inbiatte vomber of watored wombers | and thew ave bolce as V\/Lﬂwj/ ivﬂ'ez,ers

as there ave natovel nuwbers, then we should bhave 900 numbers Fight 2

Yes and wo becavie Loz, Remember, (‘chw:wcs not a nomber, 1His '\“\«»e_co‘/\cep"' of fmits,

kl)ou'M ?e{f wove tnto i“lg:m;+2 ad 1ts Uses n CqQCUQuS. Now oov dofled fine ‘Zoes Qureve,( both utugS.
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3-z-1 01 23456784101l



IX’ we e,)d-ev\o\ Jr\n;S -\—o -\-’\ne mHovu\QS L‘X 'HmroowZ " Lvac“ows, e z,e_t a ‘reaU'Z/ do"H"QJ f.'ne,,
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Now 1§ we throw v Hhe Qwro\{-\'onaﬂs wiba the ebiona fs e 7e4~ the wea Line!
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The Comprex PLane

It Seewms vm-‘rwc\,q {o Puﬁ' 00C ‘fer\Q v»uw»xsus N o ,Q\‘v\e,orcieva& Q—mm Smﬂtﬂﬂw o ,Qq'r}”‘-

The veaf nombers have the preperty ot befn} “we Ll ovdered ' This Laas.'c.\ﬂ? weans
Wwe Cawn PU+ heu i o«cﬁer S;mwx ,Q6as+ teo Zrea{%st I-C we Hain l o-? awj FCC‘\Q VLuwuBér*,

we can Visvalize i+ on tee ceal five and See” how it refates bo the other real nowbers

Now we. woant 4o c}ev\'sa a wa7 o vfsw\/@{z& +e c_om'P,Qe/x mum\oeri Rew\.emLerl +hie

\recue. \/\,Vv\«.L)efs ave a SVLSQ/'(' cg— +\¢e_ c,own?,Qe,fx mum\oers_ nc? ave -{—\n.g QowP,Qe’X vmw»LeV's

withh theie ?vv\a?;vxa\/ux Pmr-k, egcu.\,a o Zevo.

T e onﬁg/ lhad the FUNJZ?, i\/VLRZI‘V\C;f?/ nuwmbers , those 0{1 the Qof'”‘, ’X{/
vnajloe we  coufd Jus“‘ cvam them tnto the sl fve and call '+ Hhe rcqvmz.'mwj/ Line .

T\/lé, Now ber A c.ou/(e,[ l@&. the nowber +hat cCowvnwes o\-(lf'e‘(' Q/ (A ?fV\CW‘\/Q) Q.)C_C_ovfcl
Put X 1 ﬁ-?—i—e( 04 S;cr Q,VEan/ thTu‘nqrq/ womber. The nuwviber A5 isn't mecessqr,',aj/ B.‘chr ov
5wm£2e( fhau L bot we can Pu+ \'\«:‘A‘ks avwg wheve we coanmt to visvalize thevn

easier. [ his c_gﬂ_(i be o decent wauX Yo visoalize the ‘Po\’eQ7 vead ad Pu\reQ? e‘W\ﬁZt'MV7/
Qova ,Qe’x vivvn beve -l-oze‘("(ae\f.

Wheve coold we pot the cest of the complex nombers, +he ounes $hat aven'+
?uanX el o ;V\’Lazg'nvm.w)?_ Where would we ?u‘t,smi, B+ What about 2-3:7
These ave Hreiv ocon numbers. 3 s a nowmber, A3 1's anowmber, and 3 +24

is alse a viomber. Each one deserves its o special place. Tost Nke 13

15 Vs ocwn Vluwu\:cr. Suv-e, Vs wm.AVQ o-(; +ws other VLuw»)oe_rS, 1_ ond. 31 Lot 13
?e_‘i's H‘s o n P/Qa..ce_ e *lee V'cc\9~ V\,uvv\\oer ,Q\'\Ae_ dvs“ /Q.ske 1_ QV\A ,5



Ts 342:€2-33, or is 3423> 2-310 The auswer is neither.
The Complen numbers, {1 '\"bzeﬂ‘\/uer‘, ave wot well ovdered We can's
Saz which nom bers ave Jess +haw orzreaﬁzr Hhan Qvuax other noun ber,
We cDuXcl %rz Qm\wwwiwz J+21 nte ocov ul{'e«quczn‘vwwj fine" some where,

bot where would e \vquCJr so Hht we coulld Bind ir easboj? 1+ seems

we VL&@(J ‘\’0 Re} &\,\e inxe V‘QFW&Seero\lr\‘om 20 AV\A \aa R./Q:'H'/Q.Q wiove Q,k[‘eﬂ\'l"nué,.

T\’\@ COW\?Q(/X V),U\N\\OGWS ave 0‘05% a lOul/\c;l/\ D’?' VLL)W\IZ)C('S, I-@ ‘\’\/\C‘Z we e \n

a baz dw\cl we olumPeA them oot on oo G\esk, o mt?h-]— e avvqmze Hrewn
so that we C,ou/Q(l see them the easies{’,?

A Zooc( wﬂ? bo do i+ would be to put the pove Q‘X cea "—O‘MFQ@—’X Nombers i o
ho e zon t= $ive (*’\n‘\s s J‘us(— oue ved ﬁ.‘mﬁ, and then 'Put the \?um/%/ ;W\AZ:‘M‘WZ

owmbers n a verdiead )é.‘n-e, Or‘aawitco( Lrovn Least 4o rzmd'cst, like so-
Tue CompLex Pume T

T

Then e COUM pot L+ 2

o« ~5¥+53 ls, « 5+5a CLirecH)? O\.\DOVL the nowibec 3
L 44
23%% 134 ) awl A}rechJZLX lo e \('\‘.7\/\"’ og o
N . lza o3+21
e 5 We. can Ao hig with qﬂgx c>§\1 +hem,
& P R—— —t—t—t—t s
SE 3 eza 23 4 as 1§ we weve \DQaH‘\v\Z Hhewm ow
. L _ 2+ «4-73 _
~4-2 L3y an ’X“g/ CoorAina+ﬁ Sj/s{—ev"l. \\’\\‘S
~3-4 -4 « 5-41 ‘
1.5 s what we el Yhe Cow.Fﬂw p/Qa.vxe.,

Tim sove gov notice 1+ Rooks a Lhole Lot fike Yhe same old K- coocdinate s
ot ve dike bo draw Jrephs of fonchions on. T ondy Jooks Has way becavse
planes are easy for v o fook of, i is o produck oF cve pyebofogy. Theg ave
comp letely different matheuaticad concepts that happen Yo share some siwmi davities

OMA ave leqjlo'gous Yo one O\VloHAe,r.



WhaT Do Comerex Nuomgers RepresenT (N Reatiry., How Mocu | 19

The Purpose of [T may not be obviovus +o qov at Hhis point, Imo\eal,H-
Yook hund ceds of gears aftec it o\isc::ver7 for Us bo oudersinnd et t# reﬂy 1S,
Tn sy s s not mucl, dillevent than -1, Ne_zaﬁva Aowmbevs Werent
QRWZS avoord. We dowt feavel v\,ez/a'l"\ve. distances. No ‘\'r»'avaQe hes a side
With o negative Qemzw, Someone ey owe fhe tax collector a positive 310,

\9(]'(: Wo owe ad’uqlﬁ?/ bhas VmeZcuH\/e wLovxe,A)/.

NeZaHve rombers were once afmot a5 abskeack o concept as twaginavy numbers.
NeTJr:vc nombers ave o powerff wathemakieall ool once qou get vsel to thewn

and tohat +\A13/ yaean TIM'X wia ke calio Iadions and matlewatieal wnerwaZ mouch easier.
LF the divechion you ave corrently facing isthue "posibive divection' aud distances
in that divection ave positive distances, then e can comsider Fhe divection
belind qou Fo be the "V\egaav& divechion"and i T ask qov o take ~10 steps,
You covld fake 10 steps backwards. TF qaining woney is Considered o be
adc\.‘nxu\)osk#}\/@ Vnone?(" bo govr wQUd-, then sFev\A\'V\X money Can be considered
Yo be acu:vxz ”V\ezfm]—'nve oney " o yooe wlllet.

LQ‘("& +ﬁkﬁ a ,Q,00l< 0u+ ‘(’\/\L COV"\‘PQQ)( P,Qﬁme_ ajﬁ‘un C\,V\A C,oV\.%‘\A.e\’ L,.J\/\.o\.‘t. 7‘ Can mean.

TﬂE ([:OMPLEX PLANG ,F T?OS:HW‘ ) :C—g v\eza{’:ve VLuwx)pers Can (og_ CD\,\-S;AQ,@A fo
imapinar
. . ivéekion . ‘
e ~5+S ..f: j\;s{" V'e‘)\fesem't +\/\E, D?labsl+e_ (L\fec{'(on ‘{’L\em
L =3%3% |35
s 24 12 ‘3”1 ‘QX 'an, /QOO k5 O'@ "’\/\e_ QOM?QQK Pﬁc\(/\ej H‘
14 "R
4<—_ :~s_; —:s -:z -:‘ "-;: L 5 4 g t _—% ? seewms {W\_Q?:VL&T"Y \n,uw\L;g_lfs MUQA Q_QWWSJC
nega five . 1.2q j‘s'-h:f_
dicection ~4T 1.2 reation "natum JU;,” \feF vesent {’L\.p_ ?erPev\Alcha\r
c-3-4 L4 nega bive . ‘ \
1 -84 j/iwi?.‘mv J}ved—ion_ For wsStance +ak\vv3 104 S"{—ePs
l' Affed’fom
/s

c_ouﬁ Mmean w S‘I’eFS bo 7/00f ﬁeg% c\,\.\(!, {q,l/\\'VLZ
~101 steps could be 10 Steps to ouc rtXl/\T.



Complex numbers alloww us 4o represent & dimensions without the use ofa Coordinate
sZerew\, 50, the ’x—?cOowcL(m\Le s:}s{—em and tha Com?,oe/y ?que, ave Ywo ditlecent
me the mati ca d oEded—s, +\r\e7 can both be Used to cepresent d dimensions, We U
see that C_ovw))Qe'x nuwmbers ave wmuck, wuch viove tlaan Hhuat ‘H/\ouz\/\_

()\)Q— S\Aouﬂc& O\QD\ kwow w\/LcC[" 'i"\n.e, c’x\nso ,Qu+c VG\/QUC_ GS‘ a \rec\Q VLUW\-\’JeLf -'s \37 Vo |
lal=2 \-al=2 [-13l=17 etc.
T\(LUS' '("\,\,g’ 0\‘050 »Qu+¢ va.juc_ 0%‘0\ ‘Fe_an I/\,uuv.laef S H‘S A,ITS‘('AVH,{, ‘Cmm Zzero ., T\/'LI‘S Cawn loe,

‘HI\-OU}\/V" of as its madivs, T4 VVW«? Seenn oolo( +o gag, the mé»'us of T F bot
Consible ~ +hs:

A 2 dimensionad ciree s, el a civede O

A 3 dimensionad cicele is asphere. (B

Se, what s a 1 diveenstonal civele, 97,& ~divs 27

Ttwold be afive seqment % o diameter" 4

{
-2 3

SO’ we com Pink of o vadivs aud the absolibe value of a number ag the same \’\m'ﬂ'X- The * cadivs’ Soca
C""‘PQ"'X nomber 1% L’SUS{’ its o\\DSoQu‘\'e va,Que \z(= ) also mMe& it \MOAUQUS o wxqznl{—uAe.

Mlso, a C,ome&K VLUmL:er‘s am}ﬁf_ 'S Somd—(vwes Y‘CQ—@rch o as ;*\’3 arzuwxen't'.

D]ggexev{‘( l«)orAs ove OQ fewn USCA Qof \"\/\/q_, Sawe c_,owc,e,P-(— N c\,n'-?—-cgrcl/\"_ en vivonmeuts Fo(‘

" "

iws-{-a\ncé, 'Qe“Z'HA) ;Weq, a Voiume,llo‘m‘juﬂ’ A;g—cgmm{' worals -q—or “Size" i ck;(‘—cerew'l' A“W‘W\S\(OMS.
Josk as we can vse Cand & Yo s?e.;'.crj a poink in e X-f plave, we can seec'.-c\g o Cowmp Lex

\/Humloe\’ Z m Yerwns o'? C owa e ivxs\'c«c\ o‘Q’ 4 A.V\c\ 'LX

(Je Ccawny vse 'H/La V:SUAQ Siwﬁﬂmn"rt\&s o-g- *’\AQ_ @ow\\pge_x Y_)qu, o\u\o( Jr\,\e_ ’\(-Ay C,oorc\i \Aq,{-c
5’ZS+8W\, PV Ske'('a\/\\ooolé ot the same -\—\A‘M?S asg a Puuf( bath Fooumn s-(—qkﬂ Lot PE,JP,QQ
Ar‘t"\) own \DO'{’\/\ LC,'\'(S Cl\fﬂ\-‘«) Sowe ‘k\f\:o‘vxzﬁzs_

4
P\"“Z ‘?f/‘t""""”‘ (X.‘?D
s 4

(5]
lxl A&)Saﬂu{'& VAQW_S ave = lfeh Le,ca,um frion (45

A,mejs have positve veal-vallved Xcmxﬂr\ns for s-‘clcs.
T""iﬁ wotakion s O\ou\'avsﬂ'x Vt&c&ssmrky ‘szor gcu-\émvd's
O{’{r\er Hrann %UaAmvd’ :L. \J




So a?o\njr ‘W Yhe ’\(—'X ?Qow\e vses an X coori,\‘v\o-{'t awc& o c,oorc\iwd”c, to (&Gfg-ivxe_ Phat 'Ibot\nt.
Tlhese ave &Mel Cavlegian Coordinates. AQ#@M«%—CvaﬁW, we COUQA sFacZ CZ C and 0

av\A 46'\ve, ?a‘\\fs og' "y g-orW\ C‘C 6\ :V\S‘\’cﬂ\(& oQI (x. ‘Z\ C,oorA(v\a‘\'es o‘?’ ‘M/\Q, Q.orw\ CV\@B
ave. @QQCC‘ ?DQQV' COO(A;V\N\’&s. FTDW‘- ovy \oaac/ &&Q\‘\I\-‘\ \—Cows og Sl\\/\.e, o..v‘.A Cos e

LDA.’bfA on C,‘w‘c,Qé, °8£omz\.5~l:v|?§, we knovo:

> %= (coso T hese ave oor Teans formation E%U«{'-‘ews. T\nez relate
X amA "j/ o ¢ mv\A 6 QV\A Jr\r\ue,gora \Ffou\‘Ae Yhe menns ‘o

X
-

SING > -ti—- 2| Y= C5me
v W eanster carkesion Coodinates o FOQ‘“ Coordivades ouwg vice vevsa,

SO, We Qawn 0Use ‘\’\/\&st’, e,?;ua:kﬂ‘ows Jro \re;(ovaset/ﬁ o QoIMP,QLK wum‘aer = \\V\,+€\/'MS c)'Q

C QV\A & vasjrec\c( 0,&2 ~ &V\(J-y_ Ue, CaQQ Hais V‘Q,'Pve,sem{‘c\{'n‘o\/l te Pqur QorW\.
2= ’XH*X = (coso +irsing = [cosotisme]=2| TOLAR FORM

Stanoaep Form
NoHce, we usec{ H/\.e, terw PoLr S]'OIW\ owcgn ot FoQar C&Jﬁﬁﬂi@;. T\/\/:S(\S L)chuse z 1's a
ComPQeK wax\:er‘/ not o coordinate Qike, (r,e) which we did call a [boﬁmr‘ coordiate.

T\/\'\S’PoQarQ—orm s a Powu‘guﬁ {-wQ;Gs we'lld see s(/xor'f‘ﬂz/J so make sure 70:1 Zd’(o[evﬂ"ﬁ/ of
fProLCJr\‘oe, Cowvi veerZ com?lex nombers Lrovn standard Qovur to Faﬁar S, Go.'ng fhe
otler WA7 'S casvx. Let's fake a iu\‘ck fook ot the c@mPﬁcx Pﬂaue and Hhen 0.[0 some  gxam Fﬂes

o« A of the positive real wombers have an M(L of zevo,
K & H\e,mr\‘ive, ceall numbers have an avtlle of T
ANt the positive waginary Wombers have o mzb & Tz,
KL Muez,q,{'im wa inary Wombers have an mzﬂe & 3Ta
Notice 12 +121= Q_[%J, %‘a] and i+ has the

Same q,wK/Qa e AP 24 il bwice dhe v*aa(s'us.
A L
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